Abstract. Some general Finsler connections are defined. Emphasis is being made on the Cartan tensor and its derivatives. Vanishing of the hv-curvature tensors of these connections characterizes Landsbergian, Berwaldian as well as Riemannian structures. This view point makes it possible to give a smart representation of connection theory in Finsler geometry and yields to a classification of Finsler connections. Some practical applications of these connections are also considered.
Introduction
There is always a hope of finding a solution to some of the unsolved problems of Finsler geometry by developing a connection theory. This hope justifies the introduction of new connections [2] . The study of hv-curvature of Finsler connections is, by some authors, thought to be even urgent for theoretical physics, see for instance [7] , [8] and [10] . Vanishing hv-curvatures of Berwald and Cartan connections characterize Berwaldian and Landsbergian structures respectively [4] , [5] . Discovery of Shen connection whose hv-curvature characterizes the Riemannian structure, seems to completes their works and permits the classification of Finsler connections into three different categories [9] .
In this paper, using the vanishing property of hv-curvatures, we define three general kinds of Finsler connections and extend the above property to a general family of Finsler connections. This point of view enables us to define a more general family of Finsler connections which contains some known Finsler connections as special cases. This characterization gives rise to the classification of some Finsler connections with respect to the Cartan tensor and its derivatives, which is a smart representation of Finsler connections (see table of section 5). The distinguished property of this connection is the flexibility of its reduced hv-curvature, which makes it very useful. In fact its reduced hv-curvature may be chosen to be equal to any linear differential equation formed in terms of Cartan tensor and its derivatives. The above property makes the geometric interpretation of the solutions of these differential equations easy. As application of this connection, we consider some examples, especially those in which the flag curvature is constant.
Preliminaries
Let M be a n-dimensional C ∞ manifold. 
Let T T M be the tangent bundle of T M and ρ the canonical linear mapping
be the set of vertical vectors at z, that is, the set of vectors tangent to the fiber through z, or equivalently V z T M = kerρ, called the vertical space.
Let ∇ be a linear connection on π
, where H z T M = ker µ z is called the horizontal space defined by ∇. Indeed any tangent vectorX ∈ T z T M 0 in z decomposes toX = HX + VX where HX ∈ H z T M and VX ∈ V z T M . The structural equations of the Finsler connection ∇ are
where 
If K is independent of the transverse edge V , then (M, F ) is called of scalar flag curvature. Denoting this scalar by λ = λ(x, y), if it has no dependence on either x or y, then the Finsler manifold is said to be of constant flag curvature.
General-type Finsler connection
In this section we define a general family of Finsler connections which contains some known Finsler connections as special cases.
patible" if it has the following properties: 
where
(iii) D is called metric-compatible with Finsler structure if (DẐg)(X, Y ) = 0.
For torsion-free connections the bundle map µ satisfies µ( Letl denote the unique vector field in HT M such that ρ(l) = ℓ. We definė tensors S and T can be defined as follows:
where the coefficients κ i , i = 1, ..., m and r are real constants.
Curvature Tensors
be a local orthonormal (with respect to g) frame field for the vector bundle π * T M such that g(e i , e n ) = 0, i = 1, ..., n − 1 and e n = ℓ 
is a local basis for
Since the Ω i j are 2-forms on T M 0 , they can be expanded as
The objects R, P and Q are called, respectively, the hh-, hv-and vv-curvature tensors of the connection D with the components R(ē k ,ē l )e i = R j i kl e j , P (ē k ,ė l )e i = P 
where the slash "| " and point ". " are horizontal and vertical covariant derivatives with respect to the Finsler connection. In a similar way ∀m ∈ N, we have:
A(e i , e j , e k ) and (10) and (11), we see that A ijk . From (10) and (11), we get
Remark 4.1. In general-type connection, the horizontal and vertical covariant derivatives of the metric tensor are given by
A ijk ) and g ij.k = 2(1 − r)A ijk .
A classification of some Finsler connections
The following results due to Berwald, Cartan and Shen, determine the relation between hv-curvature and special Finsler spaces. These results enable us to classify some non-Riemannian Finsler connections and distinguish three different categories. The connections 7 and 8 belong to the Shen-type Category. The connection 9 contains all other connections. Looked at the freeness of torsion point of view, the Shen connection is the one most similar to the Levi-Civita connection. But from the metric compatibility view point, it is the Cartan connection which is closest to the Levi-Civita connection. Now we extend Theorem C to Cartan-type connections and show that the hvcurvature tensor of this type of connections characterizes Landsbergian structures. 
Proof. Let's consider the Cartan-type connection with compatible tensors S = A + κ 1Ȧ + · · · + κ m m A and T = A. Following (3) and (4), there exits a connection 1-forms {ω i j } satisfying the following torsion and almost compatibility conditions.
Differentiating (13) and using (7) and (10), we get:
Replacing Ω 
Differentiating this relation leads to
From this relation and (8) we have
Permuting i, j and k in (17) and using Lemma 1 yields
Multiplying this relation by y i and replacing S = κ 1Ȧ + · · · + κ m m A, we get
If F is a Landsbergian manifold, from the above relation, we have P njkl = 0. Therefore by replacing this value in (19) we find P ijkl = C kjl|i −C kil|j . In the case of Landsbergian manifolds, C ijk|l is totally symmetric in all of its four indices and we have P ijkl = 0. Conversely, let hv-curvature be zero. Then by Lemma 1, we have
Theorem 5.2. Let (M, F ) be a Finsler manifold. Then for Berwald-type connections, hv-curvature vanishes if and only if F is a Berwaldian metric.
Proof. The complete proof of this theorem, will not be given, but only a sketch of the proof will be presented. For a Berwald-type connection, the hvcurvature is
Therefore, we have
Using these relations, the theorem will follow.
Theorem 5.3. Let (M, F ) be a Finsler manifold. Then for Shen-type connections, hv-curvature vanishes if and only if F is Riemannian.
Proof. The proof of this theorem is analogous to that of the Theorem 5.1 and is not presented here. 
Some applications of general-type connections
Much of the practical importance of this kind of connection results from the fact that, it is adaptable, in the sense that it is useful for getting a geometric interpretation for a given system of differential equation formed by Cartan tensor and its derivatives. Suppose that we are given a differential equation of this kind and we want to find a geometric meaning for its solutions. It would suffice to consider a Finsler connection -by fixing the compatible tensors S and Tfor which the reduced hv-curvature coincides with the differential equation in question. We then apply one of the Theorems 5.1, 5.2 or 5.3 as applicable. 6.1. Application of Shen-type connections. Here we define Shen-type connection D as S ijk = (1 − k)A ijk + kȦ ijk −Ä ijk and T ijk = 0 for which the reduced hv-curvature P jkl := ℓ i P ijkl is equal to the given differential equation P jkl =Ä jkl + kA jkl .
Theorem 6.1. Let (M,F) be a Finsler manifold with constant flag curvature
Proof. Let's consider the Shen-type connection D with S ijk = (1−k)A ijk + kȦ ijk −Ä ijk , k = λ and T = 0. Replacing S and T in (4) and by an argument similar to the one used in the proof of the Theorem 1, we get
From (23) we have
Therefore P jkl =Ä jkl + kA jkl . The equation P jkl = 0 holds, from which we havë
Since (M, F ) is a Finsler manifold with constant flag curvature λ, then
From (25) and (26) one has (λ − k)A = 0 which means that F is a Riemannian metric.
Using the above special Shen-type connection again together with a hypothesis on the topology of M , we have the following theorem. 
. Indeed along geodesics, we have dȦ dt =Ä and from A jkl + kA jkl = 0, we get
For v ∈ T M 0 , let's define A v := supA(X, Y, Z) where the supremum is taken over all unit vectors of π * v T M . Let's put A = sup v∈IM A v where IM = x∈M I x M . Since M is complete and A < ∞, by letting t → +∞ and t → −∞, we have c 1 = 0 and c 2 = 0. Therefore A = 0, and F is Riemannian.
Application of Berwald-type connections.
Here we consider a special Berwald-type connection for which the hv-curvature is equal to the given differential equation. Proof. If we put κ 1 = κ 3 = · · · = κ m = 0 and κ 2 = 0 in (22) then we find a special Berwald-type connection for which the hv-curvature is equal to P jkl = κ 2Ä jkl −Ȧ jkl . Let F be a Landsberg metric, then from the above equation we get P jkl = 0. Conversely, if P jkl = 0, we will have:
By an argument like the one presented in the last theorem, we have along the geodesicsȦ (t) = e k 2 tȦ (0).
For v ∈ T M 0 , let's define Ȧ v := supȦ(X, Y, Z) and Ȧ = sup v∈IM Ȧ v . Using completeness of M , Ȧ < ∞ and letting t → +∞ we haveȦ(0) = A(X, Y, Z) = 0. From (29), we getȦ = 0, that is, F is a Landsberg metric. Proof. Let's put κ 2 = κ 4 = · · · = κ m = 0 , κ 1 = 2 and κ 3 = 1 λ = 0 in (21). We obtain a connection for which the hv-curvature becomes
From which P njkl = 1 λ ... Ajkl +Ȧ jkl . As M has constant flag curvature we havë A + λA = 0. So by the same argument as in the above theorem we find
Using the boundary assumption on Cartan tensor and letting t → ∞ and t → −∞, we get c 2 = c 3 = 0. Therefore A = c 1 andȦ = 0. It is easy to see that A = 0.
Relation between some connections
There is a well known result which can be used as a definition for Landsberg spaces, see for example [3] . In this relation we prove the following theorem. 
Permuting i, j and k in (34) and using (32), one obtains 
